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BIFUNCTORS AND ADJOINT PAIRS

BY
J. FISHER PALMQUIST AND DAVID C. NEWELL

Abstract. We use a definition of tensor products of functors to generalize some
theorems of homological algebra. We show that adjoint pairs of functors between
additive functor categories correspond to bifunctors and that composition of such
adjoint pairs corresponds to the tensor product of the bifunctors. We also generalize
some homological characterizations of finitely generated projective modules to
characterizations of small projectives in a functor category. We apply our results to
adjoint pairs arising from satellites and from a functor on the domain categories.

0. Introduction. Let R and S be rings, and let Mod; and Modg denote the
categories of right R-modules and right S-modules respectively. Given an S-R
bimodule E, we obtain a functor Homy (E, ): Mod, — Modg with an adjoint

®s E: Modg — Modg, which we shall consider as an adjoint pair

(HOI‘nR (E, ), ®S E): MOdR — Mods.

Furthermore, given any adjoint pair (u,, us): Mody, — Mods (i.e., a functor
#;: Modg — Mod; having u,: Modg — Mod;, as an adjoint) it is well known that
there is a bimodule E which represents this adjoint pair, that is, one has equivalences
uy~Homg (E, )and u,> ®g E (see [3] or [6]). In fact, let E=u,(S), then using
the fact that u, is right continuous (i.e., u, is right exact and preserves direct sums)
one obtains N ®s E=u,(N) for every S-module N by examining the effect of u, on
an S-free presentation of N. Furthermore, if T'is a ring and (v,, v,): Modg — Mod,
is an adjoint pair represented by a 7-S bimodule E’, then (v, o uy, #5 © v5): Modg
— Modj; is an adjoint pair represented by the 7-R bimodule E’ ®g E.

Although it is well known that functor categories are generalizations of categories
of modules, many of the techniques of homological algebra could not be extended
because of a lack of a proper definition of a tensor product. However, in [4], a
suitable definition has been given, and in this paper we demonstrate how this
definition can be exploited. In particular, we show that the above theorems for
modules can be easily extended to functor categories.

Before giving a specific summary of the contents of this paper, we introduce
some notation and conventions.
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We shall assume throughout this paper that all of our categories are at least
preadditive and that all of our functors are covariant and additive. If € and 2
are two categories, we shall let [, 2] denote the category whose objects are
functors from € to 2 and whose morphisms are natural transformations between
these functors. Similarly, we let [¢°, 2] denote the category whose objects are
contravariant functors from € to £ (that is, covariant functors from the dual
category of %, €°, to 2). If F and G are objects of [, 2], we let [F, G] denote the
abelian group of natural transformations from Fto G. (We shall assume throughout
that we are in a proper set-theoretic setting so that all of our categories are well
defined.)

Let Ab denote the category of abelian groups. If % is a category, then for objects
A and B of € we denote the abelian group of morphisms in € from A4 to B by
€(A, B), we let h4=%(A4, ) (or h* if € is unambiguous) denote the representable
functor from % to Ab, and similarly we let ®§=%( , B), or hz, denote the contra-
variant representable functor from %° to Ab.

In §1, we define, for functors F: € — Ab and G: ¥° — Ab, an abelian group
F ®¢ G, called the tensor product of F and G over %. This definition and properties
(which generalize the properties of the tensor product of modules) have been given
in [4], and we present here in a way suitable for applications to this paper a summary
of these properties.

If €, and %, are categories and U: %¢; x%, — Ab is a bifunctor, we have a
functor  Qg, U: [6,, Ab] — [, Ab] defined as follows: if F: %, — Ab is a
functor and B is an object of %,, then (F Q¢, U)XB)=F ®¢, U( , B). We also have
a functor [U, Je,: [62, Ab] — [%), Ab] defined as follows: for G: 4, — Ab a
functor and 4 and object of %;, we let [U, Gle,(4)=[U(4, ), G]. We complete §1
by showing that ®¢, U is adjoint to [U, Je,.

It follows easily from the additive case of a theorem of André (see [1, Proposition
9.1])that one has an equivalence of categories [€3 x €., Ab] ~ Adj ([%., Ab], [£1, Ab]),
where the objects of the second category consist of pairs of functors
(uy, uy), uy: [€;, Ab] — [¢,, Ab] and u,: [%,, Ab] — [%,, Ab] its adjoint. In other
words, every adjoint pair (u,, u.) is represented by a bifunctor U. We give a simpler
proof of this theorem which generalizes the proof mentioned above for the case of
modules. Furthermore, if V': ¢5 x €5 — Ab is a bifunctor representing an adjoint
pair (vy, v5): [€5, Ab] — [%,, AD], then there is a natural way to define a bifunctor
UQeg, V: %1 x% — Ab so that U ®¢, V' represents the adjoint pair (u; o vy,
g © Uy). These results are given in §2.

As an example, in §3 we show that if F: ¥ — 2 is a functor between abelian
categories and S™F and S,F denote the nth right satellite of F and the nth left
satellite of F respectively, then S™:[¥, 2] — [¥, 2] is adjoint to S,:[%, 2]
— [€, 2] (if they exist), and if 2 =Ab, the corresponding bifunctor representing
this adjoint pair (S,, S™) is Ext"(, ): €°x% — Ab.

In §4, we define for a functor F: ¥ — Ab its “dual” functor F*:%° — Ab,
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natural transformations Q¢ F* — [F, ]and F— F** and we are able to prove
the usual theorems about these natural transformations when F is a small pro-
jective. We make the easy step of generalizing these results to bifunctors, and as an
example, we give a simple description of the adjoint to a functor u: [%,, Ab]
—> [#¥,, Ab] when u is induced by a functor f: €; — ..

We note that the results of this paper still hold when Ab is replaced by Ens, the
category of sets, and all of our preadditive categories are replaced by ordinary ones.
We do the additive case as the technique involved is more clearly an extention of
that of homological algebra.

1. Tensor products of functors. In this section we summarize the properties of
the tensor product of functors which are found in [4] in a way convenient for our
use in this paper. This summarization is given in the following:

PROPOSITION 1.1. Let € be a category and let F: € — Ab and G: €° — Ab. Then
there is a unique abelian group F Q¢ G so that the assignment (F,G) - F Q¢ G
defines a functor of two variables having the following properties:

(a) For any object A of €, h* ®¢ G=G(A) and F ®¢ h,= F(A),

(b)  ®¢ G, considered as a functor from [€, Ab] to Ab, is right continuous, and
F®¢ , considered as a functor from [€°, Ab] to Ab, is right continuous.

For the proof we refer to [4]. As a consequence, we have the following:

PROPOSITION 1.2. Let ¥ be a category, G:€° — Ab and v: [€¢, Ab] — Ab be
Sfunctors, and suppose that for each object A of € there is a homomorphism @y: G(A)
— v(h*) which is natural in A. Then there is a unique natural transformation
@ Q¢ G — v such that p(h*) is the composition of the isomorphism h* Q¢ G~ G(A)
followed by ¢,. Furthermore, if v is right continuous and ¢, is an isomorphism of
abelian groups for all objects A of €, then o is an isomorphism of functors.

The proof follows from 1.1 and the observation that for any functor F: € — Ab,
there are collections of objects (4;); and (4;); of € and an exact sequence

* D k> hh—>F—>0
J 1

in [%, Ab).
Recall that, for &/ and & categories, a functor u,: Z — <7 is said to be adjoint to
a functor u,: & — # (or equivalently u, is co-adjoint to uy) if for any objects F
of & and G of # there is an isomorphism
& (u,G, F) ~ #(G, u,F)
which is natural in F and G.
PROPOSITION 1.3. For each bifunctor U: €3 x €, — Ab the functor
®e¢, U: [, Ab] — [€,, Ab]
is adjoint to [U, lg,.
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Proof. For each G: %, — Ab the functors [ ®¢, U, G] and [ , [U, Gle,]:
[%1, Ab]° — AD, given by [ ®e¢, U, GI(F)=[F ®¢,U, G] and [ , [U, Gle,l(F)
=[F, [U, Glg,) for F: %, — Ab, are left continuous and have isomorphic values on
representable functors, i.e., for 4in €, [ ®¢, U, G]~[U(4, ), G] ~ [h*, [U, Gle,]
by the Yoneda lemma. Thus using the exact sequence (*) we see that for each
F: %, - Ab, [F ®¢, U, G1~[F, [U, Gl¢,] and this isomorphism is natural in F
and G.

2. Representing adjoint pairs. Let &/ and # be categories and let u,: &/ — %
and uy: # — </ be functors. We call (uy, u,) an adjoint pair from <« to & if u, is
adjoint to u;.

Given two adjoint pairs (u;, ¥;) and (v,, v;) from & to &, we define a morphism
of adjoint pairs o: (uy, ug) — (v1, v3) by a=(c,, @y), where o, and «, are natural
transformations «;: v; — 4, and «,: Uy —> v, so that for all objects F of & and G
of &%, the diagram

(3G, F) =~ B(G, v,F)
J(azG)* J(“l F)x

A (usG, F) = B(G, u,F)

commutes.

Given two morphisms of adjoint pairs from &7 to &, « = («y, ay): (U3, Ug) —> (U1, Ug)
and B=(B,, B2): (v, v5) = (W1, wy), we define their composition by Booa=
(o3 © By, Bz © &) (Uy, ug) — (wy, wy), which is easily seen to be a morphism of
adjoint pairs. We may therefore define a category Adj (&7, #) whose objects are
adjoint pairs from &7 to # and whose morphisms and composition are defined
above.

It is well known that

(1) Given an object (1, u,) of Adj (<, #), u, is determined up to an isomorphism
of functors by u, and conversely, and given a morphism «= (e, ap) of Adj (4, &),
g is determined by «, and conversely.

(2) For objects (uy, uy) of Adj (#, &) and (u3, us) of Adj (B, #'), (uj ° us, uz o u)
is an object of Adj (&, #’) which is called the composition of (u;, u,) and (u3, u3).

(3) Given an object (uy, u,) of Adj (&, &), u, is left continuous and u, is right
continuous.

It follows from 1.3 that for any two categories %; and %, we have a functor

®: [€1x %, Ab] — Adj ([%2, Ab], [, Ab])

given by ®(U)=([U, J¢,, ®e, U) for any bifunctor U: €7 x €, — Ab.
The following theorem and corollary are easy consequences of Proposition 9.1
of [1]. We give a simple proof that generalizes the proof for the case of modules.
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THEOREM 2.1. If u: [%,, Ab] — [€,, Ab] is right continuous, then there is a
bifunctor U: €7 x €, — Ab such that uz Q¢ U.

Proof. Let h: €3 — [€,, Ab] denote the functor such that h(4)=hé, (=h*) for
any object 4 of €,. Then u o h is an object of [#73, [%2, Ab]]. There is a canonical
isomorphism

i [€], [%2, Ab]] > [¢1x %, Ab]

given by 7(¢)(4, B)=1t(4)(B) for all functors ¢: €7 — [¥,, Ab] and for all objects
A of %, and B of ¥,. Let U=17(u - h). Since, for each object 4 of %,, we have an
isomorphism ¢}: U(4, ) — u(h*) defined by the equalities

U4, ) = r(u°h)(4, ) = (uoh)(4) = u(h?),

and u is right continuous, it follows from 1.2 that there is an isomorphism
¢ Q¢ Uzu
It follows from this theorem and our remarks about adjoint functors that

COROLLARY 2.2. @: [¥] x &, Ab] — Adj ([%, Ab], [¢1, Ab]) is an equivalence
of categories.

Therefore, if (u,, u,) is an adjoint pair in Adj ([%., Ab], [¢,, Ab)), and U: €3 x €,
— Ab is a bifunctor such that ®(U)~ (u,, ), then U is unique up to a canonical
isomorphism. We shall say that U represents the adjoint pair (u,, u;), and that U
represents u; on the left and U represents u, on the right.

As a trivial example, consider a category € and the adjoint pair (Z, I) from
[%, Ab] to itself, where Iis the identity functor on [€, Ab]. Then, if welet hg: €° x ¥
— Ab denote the bifunctor hg(A4,, As)=%(4,, A,) for all objects A, and A, of &,
he represents (7, I). That hg represents I on the left is a restatement of the “ Yoneda
lemma” and that hg represents I on the right is a restatement of 1.1(a).

Suppose we have an adjoint pair (¥;, u;) from [%;, Ab] to [, Ab] represented
by a bifunctor U: €; x %, — Ab, and an adjoint pair (v,, v;) from [€;, Ab] to
[#., Ab] represented by a bifunctor V: €3 x €; — Ab. The composition of these
adjoint pairs is an adjoint pair (i, o vy, v4 © #,) from [%5, Ab] to [€,, Ab].

We may define a bifunctor U Qe¢, V:€1x% — Ab by UQg, V(4, C)=
U(4, ) ®e¢, V( , C)for all objects 4 of ¢, and C of €,. Furthermore, if F: ¢, — Ab
is a functor, it follows from the associativity of the tensor product (see [4]) that
(FQ¢, U) Q¢, V2 F Q¢, (UQg¢, V). As an easy consequence, we have

ProposiTION 2.3. Let (uy,u;) and (vy,v;) be adjoint pairs represented by
U:¥ix% —Ab and V:%3x%; — Ab, respectively. Then the adjoint pair
(uy ° vy, vg 0 uy) is represented by U Q«, V.

Since for any functor F: €53 — Ab, u; o v,(F)=[U, [V, Fl¢,l¢,, and left adjoints
of a functor are canonically isomorphic, we have
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COROLLARY 2.4. For any bifunctors U: €3 x €, — Ab and V: €3 x €3 — Ab and
for any functor F: €5 — Ab, there is a canonical isomorphism

[U ®%’3 V, F]‘?a = [U, [V’ F]?g]fg
natural in U, V, and F.

3. Satellites. In this section, € and 2 will be abelian categories.

For a functor F: % — Ab, there are functors S™F and S,F for each integer
n 0, the nth right and left satellites of F respectively (which are defined below).
We may consider S™ and S, as functors from [%, Ab] to itself. The result of this
section is that (S,, S™) is an adjoint pair which is represented by the bifunctor
Ext} (, ):€°x% — Ab.

Let F, and F, be functors from a category € to a category 2. Then F; and F,
are connected if for every short exact sequence E:0 > A4"—>A4—>A4"—0in &
there is a map Ag: Fy(4") — F,(A") natural in FE so that the complex F;(A4") — F;(A)
— Fy(A") — Fy(A’) — Fy(A) — F5(A") is of order 2 (that is, composition of two
successive morphisms is the zero morphism). We shall indicate that F; and F, are
connected by A, by the triple (Fy, A, F,), which we call a connected triple in [, 2].

Given two connected triples (Fy, A, Fy) and (Gy, A', Gg), we may define a
morphism of connected triples to be a pair (oy, «y): (Fy, A, Fy) - (G, A, G3), where
oy: F; — G, and oy: F, — G, are natural transformations such that, for every
exact sequence E: 0 — A" — A — A" — 0, we have Ag o a;(A")=0y(A4") o Apg.

If (g, @g): (Fy, A, F,) — (Gy, A', Gy) and (By, Bo): (G4, A, Go) — (H,, A", H,) are
morphisms of connected triples, then the composition (B;, B2) © (ay, g)=(B; ¢ oy,
Bz o ay) is also. Consequently, we may define a category A[%, 2] whose objects are
connected triples in [%, 2] and whose morphisms and composition are defined
above. We have two functors =;: A[%, 2] — [%, 2] defined by =(Fy, A, F,)=F,
i=1, 2, for any connected triple (Fy, A, F,) in [€, 2].

Let F: € — 2 be a functor. Then F has a right satellite if there is a functor
SiF: ¥ — 2 so that F and S'F are connected (via A, let us say), and given any
connected triple (G,, A’, G,) in [¥, 2] and any natural transformation o: F — Gy,
there is a unique natural transformation o': S'F — G, so that («, «): (F, A, S'F)
— (G4, A, Gy) is a morphism of connected triples. Similarly, F has a left satellite
if there is a functor S, F: € — 2 so that S, F and F are connected (by A), and given
any connected triple (G, A’, G,) and a natural transformation «: G, — F, there is
a unique natural transformation o': G, — S,F so that (¢, @): (G, A, G3) >
(S1F, A, F) is a morphism of connected pairs.

We shall denote the connected triples (F, A, S*F) and (S,F, A, F) by ASY(F)
and AS,(F) respectively. If [€, 2] has right satellites (that is, all functors F: € — 2
have right satellites), then AS* defines a functor AS*: [%, 2] — A[%, Z], and
similarly if [%, 2] has left satellites, AS; defines a functor AS;: [€, 2] — A[%, 2].
In fact, we may translate the definition of AS* and AS; into the following:
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PROPOSITION 3.1. If [, 9] has right satellites, then AS* is the adjoint of =,. If
[%, 2] has left satellites, then AS, is the co-adjoint of .

Suppose [€, 2] has satellites (both right and left). Then we have adjoint pairs
(AS,, m,) from [%, 2] to A[%, 2] and (=, AS?) from A[%, 2] to [¥, 2], and com-
posing gives us an adjoint pair (7, o AS;, 75 0 AS?) from [%, 2] to itself. But
m; 0o AS ) (F)=S,F and 7, - AS}(F)=S'F, which proves the following:

COROLLARY 3.2(1). If [%, D] has satellites, then S*: [€, D] — [€, D] is adjoint to
Si.

If F: € — 2 is a functor, we define, in the usual way, the higher satellites of F
as follows:

S°F = F, S**1F = SY(S"F) foralln = 0,
SoF = F, Sn+1F = Sl(SnF) fOl‘ all n Z 0.

COROLLARY 3.3. If [¥, 2] has satellites, then S™ is adjoint to S, for all n=0.

The proof is by induction, using the fact that composition of adjoint pairs is an
adjoint pair.

If 2=Ab, then [¥, Ab] has satellites for any abelian category € (see [2]). To
compute the bifunctor representing the adjoint pair (S,, S™), we may use the proof
of Theorem 2.1. Since for any object A of %, it is known that S™(h$) ~ Ext (4, ),
we have the following:

THEOREM 3.4. For all integers n=0, the functors S, and S™ from [%, Ab] to itself
Jform an adjoint pair (S,, S™) which is represented by the bifunctor Ext% ( , ).

We remark that the fact that S, is represented on the left by Ext} (, ) is a
result of Yoneda [7], while the fact that S™ is represented on the right by Ext% ( , )
is a result in [4].

4. Duality and adjoints of induced functors. In this section we define, for a
function F: € — Ab, its dual F*: ¥° — Ab and prove some theorems concerning
F*. Using these results, we are able to prove some results about a bifunctor U
when U represents an adjoint pair (4, #;) from [%,, Ab] to [¢,, Ab] with u; exact
and continuous. In particular, we deal with the case where u, is induced by a
functor €, — %,.

Let V:%1x%,— Ab be a bifunctor. Then we define a functor Hg,[ , V1]:
[€., Ab]° — [¥73, Ab] as follows: for a functor F: €, — Ab and an object 4 of ¢,
we let Hy,[F, V](A)=[F, V(4, )]. Similarly, we define a functor

H#[ , V]: [€3, Ab]® — [#;, Ab]

(*) We thank our colleague, Paul Palmquist, for suggesting using universal properties of
satellites to prove this theorem.
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as follows: for a functor G:%3;— Ab and an object B of €,, H¢:[G, V](B)=
[G, V(, B)].
As a direct consequence of 1.2 we have

PROPOSITION 4.1. Let F: € — Ab be a functor and let F* = H¢[F, h¢). Then there
exists a unique natural transformation

B(,F): Q®¢F*—|[F, ]

of functors from [€, Ab] to Ab, natural in F, such that B(h*, F) is the composition of
isomorphisms

hA @ F* ~ F*A) = HelF, hel(A) = [F, h4).

Recall that, for an object P of an abelian category 7, P is a small projective if
and only if A%, is right continuous. In particular, it follows that an object F in
[%, Ab] is a small projective if and only if there is a finite collection of objects (B;),
of € such that Fis a direct summand of 3, hZ:.

PROPOSITION 4.2. For F: € — Ab the following are equivalent :
@) B(,F): Q¢ F*—[F, ]is a natural equivalence.

(b) B(G, F) is an epimorphism for each G: € — Ab.

(c) B(F, F) is an epimorphism.

(d) F is a small projective in [€, Ab].

Proof. a = b = c is trivial.

d = a is a direct consequence of the definition of small projective and 1.2.

¢ = d. We know that there exists a collection (4,); of objects in € and trans-
formations {s;: h4s — F} such that > s;: >,; h4s — F is an epimorphism. Since

® F* is right continuous we have the commutative diagram

S (hs ® F*) ~ (Z h;,) o rrCNOF] o
2 Bhg, F)| lB(F, F)

Z [F, hél] 2. [F, s4] [F, F)

J

with the top map an epimorphism. Thus B(F, F) is an epimorphism implies >; [F, s]
is an epimorphism and hence the existence of a finite subset I of J and elements
t € [F, h{), i € I, such that

(F 2.4 Zhé 2.5 F) = 1.

Thus by the remark preceding this proposition F is a small projective.
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Let F: € — Ab, and let F** denote the functor H¢[Hg[F, h), h]. Let A and B be
objects of €. Then we have a map '

vi(4, B): F(B) - Hom (Hom (F(B), €(A, B)), ¢(4, B))

given by vp(4, B)(x)(A)=A(x) for all xin F(B)and A € Hom (F(B),%(A4, B)). It is easy
to show that this defines a natural transformation vz: F — F** which is natural in F.

PROPOSITION 4.3. If F is a small projective in [€, Ab], then vy: F— F** is an
isomorphism.

Proof. It is easy to check that for each object 4 of €, h** ~ h, and h4** >~ h4, and
that v,4 is this isomorphism. Therefore, by a direct sum argument, v, is an iso-
morphism for any small projective F.

We now generalize these results to bifunctors. Let €,, €., and %; be categories.
Given bifunctors U: €5 x ¥, — Ab and V: %3 x %, — Ab, we define a bifunctor
He,[U, V1(A4, B)=[U(B, ), V(A4, )] for any objects A of %, and B of &, If
W. €; x%; — Ab is a bifunctor and V is as above, we define a bifunctor

H%[W, V). €3 x €, — Ab

by Hé:.[W, VY(C, B)=[W( , C), V( , B)] for any objects B of €, and C of ;.
PROPOSITION 4.4. Let U: €3 x %, — Ab be a bifunctor. Then
(a) there is a natural transformation

Bu: e, He,[U, he,] > [U, e,

of functors from [%,, Ab] to [€,, Ab] such that By is an equivalence of functors if and
only if U(A, ) is.a small projective of [€,, Ab] for every A in €,, and

(b) there is a natural transformation of bifunctors vy: U — H¥2[Hg,[U, he,), he,)
such that if U(A, ) is a small projective of [€,, Ab] for every A in €., then vy is an
isomorphism.

Proof. (a) Foreach G: %, — Aband 4 in €, we let B,(G)(A) equal B(G, U(4, ))
defined in 4.1. The remainder of (a) follows from 4.2.
(b) For each A4 in %, we let vy(4, ) be the natural transformation

voaw, 5t U4, )= U(4, )** = H%[Hg,[U, he,), he )(4, )

defined above in 4.3. By 4.3 if U(4, ) is a small projective for every A4 in €, then
vy is an equivalence of functors.

Let %, and &, be two categories, (1, ;) an adjoint pair from [%,, Ab] to [%,, Ab],
and U: %7 x %, — Ab the bifunctor representing (u;, uy).

u; is an exact continuous functor if and only if u; [U, I, is right continuous.
Since exactness and limits in [%), Ab] are computed “pointwise,” we see that
[U, le, is right continuous if and only if for each A4 in €,, U(4, ) is a small
projective in [%;, Ab]. These remarks, and 4.4(a) give us the following:
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PROPOSITION 4.5. Let (uy, uy) be an adjoint pair from [%,, Ab] to [€,, Ab] repre-
sented by U: €7 x €, — Ab. Then the following statements are equivalent:

(@) u, is an exact continuous functor.

(b) U(4, ) is a small projective for each object A of €.

(¢) u, is represented on the right by He,[U, hg,], ie., u1~ Qeg, He,[U, he,].

For example, suppose u;,=f*:[%,, Ab] — [#¥,, Ab], where f: %, — €, is a
functor. Then, since f* is exact and continuous, f* is represented on the left by a
bifunctor U: €3 x %, — Ab such that for all objects 4 of €;, U(4, ) is a small
projective in [%,, Ab]. Since f* is represented on the right by He,[U, he,], we can
compute Hg,[U, he,] by the method used in the proof of 2.1 with the result that

H@z[U9 h?z] = %2( ’f )'

Since, by 4.4(b), Ux H¥2[Hy,[U, he,), he,], we can compute U, with the result
that U~%,(f , ). Therefore, it follows that

THEOREM 4.6. Let f: €, — €, be a functor, let f*: [€,, Ab] — [, Ab] be the
induced functor, and let f, denote its adjoint. Then the adjoint pair (f*, fy) is
represented by the bifunctor €(f , ): €1 x €, — Ab.

We can give a trivial proof of the following known result:

COROLLARY 4.7. If f, f*, and fy are as in 4.6, and [ €, — €, is a full and faithful
Sfunctor (for example, €, a full subcategory of €., and f the inclusion functor), then
f* o fu~1I, the identity on [%,, Ab).

Proof. Since f is full and faithful, we have % ( , )~%(f ,f ). Since fy is
represented on the right by €,(f , ) and f* is represented on the right by €,( , f ),
we have that f* o f, is represented on the right by €,(f, ) Q¢, % ,f ) by
Proposition 2.3.

Now, for all objects 4; and A4, of €,

CAf, ) e, €, f Ny, A2) = Ca(f(41), ) Re, € ,f(42)
= WY Qe, Cu , [(42)) = €(f(A41), f(42))
~ 1(4,, 42);

so that f* o f, is represented on the right by the bifunctor €,( , )=h¢,, which also
represents the identity functor on the right. The equivalence of categories given in
2.2 completes the proof.
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